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Abstract:
A future galactic SN can be located several hours before the optical explosion through the
MeV-neutrino burst, exploiting the directionality of -e-scattering in a water Cherenkov
detector. We study the statistical eciency of dierent methods for extracting the SN
direction and identify a simple approach that is nearly optimal, yet independent of the
exact SN neutrino spectra. We use this method to quantify the increase in the pointing
accuracy by the addition of gadolinium to water, which tags neutrons from the inverse beta
decay background. We also study the dependence of the pointing accuracy on neutrino
mixing scenarios and initial spectra. A TeV-neutrino burst is also expected to be emitted
contemporaneously with the SN optical explosion, which may locate the SN to within a
few tenths of a degree at a future km2 high-energy neutrino telescope. If the SN is not
seen in the electromagnetic spectrum, locating it in the sky through neutrinos is crucial
for identifying the Earth matter eects on SN neutrino oscillations. These eects can
be observed at a single detector through peaks in the Fourier transform of their \inverse
energy" spectrum. The positions of these peaks are independent of the SN models and
therefore the peaks can be used as a robust signature of the Earth matter eects, which
in turn can distinguish between dierent neutrino mixing scenarios. We analyze the
strengths and positions of these peaks as a function of the location of the SN in the sky
and explore their features at a large scintillation detector as well as at a megaton water
Cherenkov detector through Monte Carlo simulations.
1. Introduction
The question \how well can one locate the SN in the sky by the neutrinos alone?" is
important for two reasons. Firstly, the MeV-neutrino burst precedes the optical explosion
by several hours so that an early warning can be issued to the astronomical community [3,
Speaker.
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4], specifying the direction to look for the explosion. Secondly, in the absence of any SN
observation in the electromagnetic spectrum, a reasonably accurate location in the sky
is crucial for determining the neutrino Earth-crossing path to various detectors since the
Earth matter eects on SN neutrino oscillations may well hold the key to identifying the
neutrino mass hierarchy [5, 6, 7, 8, 9, 10].
Nearly contemporaneously with the optical explosion an outburst of TeV neutrinos is
expected due to pion production by protons accelerated in the SN shock [11]. Its detection
would not only lead to an accurate measurement of the SN location, but also would be
important as the rst proof that SN remnants accelerate protons.
Although the optical signal can give the most accurate determination of the SN position
in the sky, it could be possible that the SN is not seen in the entire electromagnetic
spectrum. This can be the case if it is optically obscured, no suitable x- or γ-ray satellite
operates, or simply the stellar collapse produces no explosion. In such a scenario, the best
way to locate a SN by its core-collapse neutrinos is through the directionality of e− ! e−
elastic scattering in a water Cherenkov detector such as Super-Kamiokande [12, 13, 14].
The pointing accuracy is strongly degraded by the inverse beta reactions  ep ! ne+
that are nearly isotropic and about 30{40 times more frequent than the directional scat-
tering events. Recently it was proposed to add to the water a small amount of gadolinium,
that would allow one to detect the neutrons and thus to tag the inverse beta reactions [15].
Evidently this would greatly improve the pointing.
Extracting information from \directional data" is a eld in its own right [16, 17].
An ecient method is the \brute force" maximum likelihood estimate of the electron
events. For a large number of events, the accuracy with this method in fact asymptotically
approaches the minimum variance as given by the Rao-Cram er bound [18, 19]. However,
for a small number of signal events, Ns . 200, the Rao-Cram er bound overestimates the
pointing accuracy. On the other hand the likelihood method requires as input the functional
form of the neutrino energy spectra that are only poorly known. Therefore we look for
\parameter-free" methods that use only the information contained in the data and exploit
the symmetry of the physical situation. We discuss the eciency of two methods closely
related to the harmonic analysis and nd a simple iterative procedure making them nearly
as ecient as the maximum likelihood approach. We use the most ecient method thus
obtained for analyzing the simulated events at a detector. We also study the dependence of
the pointing accuracy on the neutrino mixing parameters and the initial neutrino spectra.
One of the important applications of an accurate SN pointing is the determination of
the distance traveled by the neutrinos through the Earth before they reach the detector.
When neutrinos pass through the Earth, their spectra may get modied due to the Earth
matter eects. The presence or absence of these eects can distinguish between dierent
neutrino mixing scenarios [20]. It is possible to ascertain the presence of these matter
eects using the signal at a single detector. It has recently been pointed out [10] that
the Earth matter eects on supernova neutrinos traversing the Earth mantle give rise to
specic frequencies in the \inverse energy" spectrum of these neutrinos. These frequencies,
which may be identied through the Fourier transform of the inverse energy spectrum, are
independent of the initial neutrino ﬂuxes and spectral shapes. Therefore, its identication
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serves as a model independent signature of the Earth matter eects on SN neutrinos. We
study the positions and strengths of these frequency components analytically in terms of
the SN location.
Although it is dicult to isolate these frequencies individually from the background
ﬂuctuations from a single SN burst, we suggest a procedure that can identify the presence
of these frequency components in a sizeable fraction of cases. We quantify the eciency
of this algorithm by simulating the SN neutrino signal at a large scintillation detector like
LENA [21] and at a megaton water Cherenkov detector like Hyper-Kamiokande. Whereas
the scintillation detector has the advantage of a much better energy resolution, this is
compensated in part by the larger number of events in a megaton water Cherenkov detector.
We begin in Sec. 2 with a discussion of the statistical methodology for extracting
information from directional data using a toy model. In Sec. 3 we study the realistic
SN pointing accuracy of water Cherenkov detectors as a function of the neutron tagging
eciency, using realistic SN neutrino spectra. In Sec. 4 we turn to the pointing accuracy
of high-energy neutrino telescopes. In Sec. 5, we discuss the positions and the strengths
of the frequencies that characterize the \inverse-energy" spectra of the neutrinos crossing
the Earth mantle as well as the core. In Sec. 6, we simulate the SN neutrino spectra at the
detectors and study the features of the peaks with the background ﬂuctuations averaged
out. In Sec. 7, we introduce a method to identify the peaks in the presence of background
ﬂuctuations and make a quantitative estimation of the probability of peak identication as
a function of the location of the SN in the sky. Sec. 8 is given over to conclusions.
2. Analyzing directional data
2.1 Pointing with maximum likelihood estimate
In order to analyze the statistical methodology of the directional data we will rst consider
the toy model introduced in Ref. [12], i.e. we imagine a directional signal that is distributed
as a two-dimensional Gaussian on a sphere, together with an isotropic background. This
would mimic the forward -e elastic scattering events and the nearly isotropic inverse beta
decay background. The pdf on a sphere that represents Ns signal events distributed like a
Gaussian around the direction (#0; 0)a sw e l la st h eN bisotropic background events is
f(#;j#0; 0)d#d =
d
Nb + Ns

Nb
4
+
Ns
C
exp

−
`2
22
s

; (2.1)
where ` is the angular distance between the direction of an incoming neutrino and the
experimentally measured direction of the Cherenkov cone, and s =1 7 .
The maximum likelihood estimate (MLE) method is the most ecient way to extract
information from statistical data. To estimate a lower bound on the uncertainty of the
parameters extracted by the MLE method, the Rao-Cram er bound [18, 19], one commonly
uses the Fisher information matrix [22],
Fij 

@2 lnL(#0; 0)
@ i@ j

) (#)2  (#)2
Fisher  1=F ; (2.2)
{3{ 
a
h
e
p
2
0
0
3
International Workshop on Astroparticle and High Energy Physics Ricard Tom as
Figure 1: Left: Eciencies of dierent estimation methods described in the text for Nb=Ns = 30.
RC corresponds to the Rao-Cram er minimum variance. Right: Eciency of OMc with a 40 angular
cut for dierent values of Nb=Ns.
where L(#0; 0) is the maximum likelihood function for the pdf of Eq. (2.1).
In the left panel of Fig. 1 we show the eciency " of the MLE in \Fisher units",
"  (#)2
Fisher=(#)2, as a function of the number Ns of signal events while keeping the
background-to-signal ratio Nb=Ns xed at 30, which is the expected ratio of the inverse
beta decay events to the elastic scattering events in a water Cherenkov detector. Though
the MLE eciency tends asymptotically to the Rao-Cram er bound for large values of Ns,
this bound overestimates the MLE pointing accuracy by  10% for Ns . 200.
2.2 Eciencies of parameter-free methods
The MLE is an optimal method to extract information from experimental data if the
probability distribution function is known. This is not the case in our situation, where
the exact forms of the neutrino spectra are needed and these are only poorly known. It is
therefore worthwhile to look for other methods which may be less ecient, but which do
not depend on the exact form of the pdf.
Let us consider two pointing methods that exploit the symmetries of our physical
situation, but are independent of the exact details of the pdf: the \center of mass" (CM)
method, and the \orientation matrix" (OM) method [16],
Si 
N X
=1
x
()
i and Tij 
N X
=1
x
()
i x
()
j ; (2.3)
respectively, as described in Ref. [1]. Neither of these methods requires any prior knowledge
of the neutrino spectra or cross sections. However, they involve some loss of information
and hence will give larger pointing errors than the MLE. In order to quantify the eciency
of these methods we generate a data sample according to the pdf of Eq. (2.1) and show
the respective pointing errors in the left panel of Fig. 2 as a function of Nb=Ns and for
Ns = 300. Note that in the absence of neutron tagging this ratio is expected to be around
30{40. We observe that the error of MLE is almost the same as the Rao-Cram er (RC)
bound. However, the errors of CM and OM are much larger.
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Figure 2: Left: pointing error # for dierent estimation methods for Ns = 300. Right: pointing
accuracy `95 as a function of the neutron tagging eciency "tag for six cases corresponding to three
neutrino mixing scenarios and two models for the initial neutrino spectra.
In order to increase the eciency of CM and OM, we use the physical input that the
signal is concentrated within a small region around the peak. Cutting o the events beyond
a certain angular radius increases the signal to background ratio and gives a much better
estimate of the incoming neutrino direction. We denote the CM and OM methods with
this cutting procedure by CMc and OMc, respectively. Left panel of Fig. 2 shows how
the pointing error decreases drastically with the cutting procedure. In particular the OMc
method turns out to be more ecient that CMc in all the parameter ranges, henceforth
we continue using only the OMc method for further estimations. Moreover, with neutron
tagging, the value of Nb=Ns decreases, and that increases the eciency of the OMc method,
as can be inferred from the right panel of Fig. 1.
3. Supernova pointing accuracy of water Cherenkov detectors
We now apply the OMc method to a more realistic representation of the SN signal in a
water Cherenkov detector.
In order to determine the pointing accuracy numerically we simulate a large ensemble
of SN signals in a 32 kton water Cherenkov detector. To this end we assume that the SN
is at a distance D = 10 kpc and releases the neutron-star binding energy Eb =31053 erg
in the form of neutrinos. Details of the assumed neutrino spectra and ﬂuxes are given in
Ref. [1]. The spread in the predicted neutrino spectra has been taken care of by using two
models, a model from the Garching group (model G) [23] and a model from the Livermore
group (model L) [24] as described in the same reference. We take into account the eects
of neutrino ﬂavor conversions by considering the three mixing scenarios, (a) normal mass
hierarchy and sin2 13 & 10−3, (b) inverted mass hierarchy and sin2 13 & 10−3, and (c)
any mass hierarchy and sin2 13 . 10−3. As reaction channels we use elastic scattering
on electrons e− ! e−, inverse beta decay  ep ! ne+, and the charged-current reaction
e + 16O ! X + e−, while neglecting the other, subdominant reactions on oxygen.
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If ` is the angle between the actual and the estimated SN direction, one can dene
the opening angle ` for a given condence level  as the value of ` for which the SN
direction estimated by a fraction  of all the experiments is contained within a cone of
opening angle `. We show in Fig. 2 the opening angle for 95% C. L. for the six cases
of neutrino parameters, for dierent eciencies for neutron tagging. Qualitatively the
pointing accuracy is governed by the background-to-signal ratio, being the most suitable
scenario the one with the smallest ratio of  e-x mixing to e-x mixing, i.e. (L-a). One
can see how for "tag = 0, at 95% C.L. the pointing accuracy is 7:5, which improves to 3
for "tag = 1. For a larger detector like Hyper-Kamiokande, the desired accuracy can be
calculated simply by rescaling according to the number of signal events. For a detector with
25 times the ducial volume of Super-Kamiokande, the pointing accuracy is then expected
to be 2 without gadolinium and 0:6 with "tag > 90%.
4. High-energy neutrino telescopes
Nearly contemporaneously with the optical explosion an outburst of TeV neutrinos is ex-
pected due to pion production by protons accelerated in the SN shock [11]. Recently it
was suggested that the high-energy neutrino signal would arrive just 12 hours after the SN
explosion and would last for about one hour [11]. Following this calculation and assuming
Emax = 1 TeV we expect around 50 muon events in a km2 detector during 1 hour at a
time about 12 hours after the SN explosion. In the case where the SN happens in a part
of the sky that a given neutrino telescope sees through the Earth future km2 detectors
like IceCube at the South Pole [25] can detect the high energy neutrinos with an angular
resolution is around one degree for each event. Therefore, the pointing accuracy of a km2
detector is of the order of a few tenths of a degree. Even the existing smaller detectors,
like AMANDA-II with an eective area of 0.1 km2 and angular resolution of 2 at TeV
energies would be able to resolve the SN direction to better than 1. If the high-energy SN
neutrinos arrive \from above," they are masked by the large background of atmospheric
muons. For IceCube this background corresponds to nearly 300 hour−1 degree−2 [26]. If we
note that the angular resolution is about 1, the expected signal of 100 events will be much
larger than the background ﬂuctuations in one pixel of the sky. Moreover, the expected
SN neutrinos will have multi-TeV energies so that energy cuts will reduce the background
and may allow one to detect the SN signal from the \bad" side of the sky.
5. Earth matter eects on supernova neutrinos
The neutrino detectors, apart from a heavy-water detector like SNO, can give detailed
spectral information only about the  e ﬂux. We shall therefore concentrate on the  e
spectrum in this paper. In the presence of ﬂavor oscillations a  e detector actually observes
the ﬂux
FD
 e (E)= p D( E ) F 0
 e( E )+

1− p D( E)

F0
 x( E); (5.1)
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where F0
i and FD
i stand for the initial and detected ﬂux of i respectively, and  pD(E)i s
the survival probability of a  e with energy E after propagation through the SN mantle
and perhaps part of the Earth before reaching the detector.
In the absence of Earth eects, the dependence of the survival probability on E is very
weak. A signicant modication of  pD due to the Earth eects takes place only in the cases
(a) and (c). The identication of the Earth eects can then rule out the \null hypothesis"
of an inverted hierarchy and jUe3j2 >  10−3. Let us consider then these scenarios (a) and
(c). In these cases,  e produced in the SN core travel through the interstellar space and
arrive at the Earth as  1. The oscillations inside the Earth are essentially  1{ 2 oscillations
[5] so that we need to solve a 2  2 mixing problem.
When the antineutrinos pass through the Earth the survival probability  pD may be
written as an expansion in terms of !  0:1i nt h ef o r m[ 2 ]
 p D  A 0+
 X
i =1
 Ai sin2(i=2) + O(!2); (5.2)
where  A0  cos2 #12 and the coecients  Ai O ( ! ) depend only on the mixing parameters.
When the neutrinos cross only the mantle there is a single frequency,  = 1, located at
 = m, whereas when they also cross the core three dierent frequencies can be clearly
observed at 1 = m=2, 2 = m=2+ c and 3 = m +c [2]. These phases are connected
to the neutrinos parameters through the expressions m  2m2
mLmy and c  2m2
cLcy,
where m2
m;c is the mass squared dierence between  1 and  2 inside the mantle(m) and
the core(c), respectively, in units of 10−5 eV2,a n dL m;c is the distance traveled through
the mantle and the core, in units of 1000 km. The \inverse energy" parameter is dened
as y  12:5 MeV=E .
The energy dependence of  pD introduces modulations in the energy spectrum of  e,
which may be observed in the form of local peaks and valleys in the spectrum of the
event rate FD
 e plotted as a function of y. The modulations are equispaced, indicating the
presence of a single dominating frequency. These modulations can be distinguished from
random background ﬂuctuations that have no xed pattern by using the Fourier transform
of the inverse energy spectrum [10].
The net  e ﬂux at the detector may be written using Eqs. (5.1) and (5.2) in the form
FD
 e  sin2 #12F0
 x +c o s 2# 12F0
 e + F0
3 X
i =1
 Ai sin2(kiy=2); (5.3)
where ki  i=y are the dominating frequencies, and F0  (F0
 e − F0
 x) depends only on
the primary neutrino spectra. The last term in Eq. (5.3) is the Earth oscillation term. The
other terms as well as the coecient F0  Am are relatively slowly varying functions of y,a n d
hence contain frequencies in y that are much smaller than km. The dominating frequencies
ki are the ones that appear in the modulation of the inverse-energy spectrum. These
frequencies are completely independent of the primary neutrino spectra, and indeed can
be determined to a good accuracy from the knowledge of the solar oscillation parameters,
the Earth matter density, and the position of the SN in the sky.
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6. Peaks in the power spectrum of  e
We dene the power spectrum of N detected events as
G(k) 
1
N


 

N X
i=1
eikyi


 

2
: (6.1)
In the absence of Earth eect modulations, G(k) is expected to have an average value
of one for k >  40 [10]. Earth eects introduce peaks in this power spectrum at specic
frequencies, the identication of which correspond to the identication of the Earth eects.
To start with, we consider the power spectrum resulting from averaging 1000 SN
simulations, assuming the SN is located at 10 kpc. This eliminates the ﬂuctuations in
the background, and illustrates the characteristics of the peaks in a clear manner. The
power spectrum at a 32 kt scintillation detector for dierent distances traveled through
the Earth is shown in the left panel of Fig. 3. The top panels use the Garching model
whereas the bottom ones use the Livermore model. Only inverse beta decay events have
been taken into account. The region k <  40 is dominated by the \0-peak," which is a
Figure 3: Averaged power spectra in the case of a large scintillation (left) and a megaton Water
Cherenkov (right) detector for dierent SN models, Garching (G) and Livermore (L), and distances
traveled through the Earth.
manifestation of the low frequency terms in Eq. (5.3). When the neutrinos traverse only
the mantle, only one peak appears at the expected value of km that is proportional to
the distance Lm traveled through the mantle. When the neutrinos travel also through
the core, we observe three dominant peaks in each case, corresponding to k1;k 2 and k3
in Eq. (5.3), whose location depends on Lm and Lc as described in Section 5 The model
independence of the peak positions may be conrmed by comparing the top and bottom
panels of Fig. 3. The peaks obtained with the Livermore model are stronger as a result of
the larger dierence between the  e and  x spectra in that model, which increases the value
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of F0 in Eq. (5.3). However, the positions of the peaks are the same as those obtained
with the Garching model.
The energy resolution of a water Cherenkov detector is about a factor of six worse than
that of a scintillation detector. This means that the energy spectrum is more \smeared
out" and higher frequencies in the spectrum are more suppressed. This makes the peak
identication more dicult, and even a detector of the size of Super-Kamiokande turns
out not to be sucient [10]. We show the power spectrum expected at a megaton water
Cherenkov detector in the right panel of Fig. 3 for the two SN models considered here and
for dierent locations of the SN.
7. Distinguishing the peaks from the background
Figure 4: Left: Area distribution of the background (black) and the signal (red) obtained for a 32
kton scintillation detector and Garching model for  = 60. Right: Comparison of p95 and p99 for
the Garching and Livermore (L) models and the scintillation detector.
Although the analytic approximations seem to work well with the averaged power
spectrum. in the real world the presence of ﬂuctuations in the signal will spoil any naive
theoretical peak. Therefore, in order to identify the peaks we need to introduce a prescrip-
tion to carry out the analysis. Once we know the total distance traveled by the neutrinos
through the Earth, we can calculate the position where the peak should lie. Then we
consider the area around the position of the peak. Afterwards we compare the value of
the measured area with the distribution of the area in the case of no Earth matter eects.
Therefore, we perform a Monte Carlo analysis of the background case and calculate the
exact distribution with which one can compare the actual area measured. We illustrate
this in the left panel of Fig. 4. The condence level of peak identication, % C.L., may
then be dened as the fraction of the area of the background distribution, A,t h a ti sl e s s
than the actual area measured. In order to quantify the eciency of the algorithm we
simulate the area distribution for the \signal" using the neutrino mixing scenarios that
allow Earth eects and compare it with the background distribution. The probability p
of peak identication at % C.L. is the fraction of the area of the signal distribution above
A.
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In the right panel of Fig. 4 we show p95 and p99 as a function of the nadir angle, ,
in the case of a scintillation detector, for the two SN models considered. One can see that
t h ep r e s e n c eo ft h ec o r e ,i . e .<33, enhances the chances of detecting the Earth matter
eects. As expected, the chances of peak identication are also higher when the primary
spectra of  e and  x dier more.
One of the features of this algorithm is its robustness. However in some cases it turns
out to be very conservative. In this sense we have checked that for some particular cases
it is possible to enhance the eciency of the method by optimizing the area integration
around the peaks.
8. Summary and Conclusions
The MeV neutrinos from the cooling phase of a SN will arrive at the Earth several hours
before the optical explosion. These neutrinos will not only give an early warning of the
advent of a SN explosion, but they can also be used to determine the location of the SN in
the sky, so that the optical telescopes may concentrate on a small area for the observation.
In a water Cherenkov detector like Super-Kamiokande, the -e scattering events are
forward peaked and thus can be used for the pointing. The main background comes from
the inverse beta decay reactions  ep ! ne+, which is nearly isotropic and has a strength
more than 30 times that of the electron scattering \signal" reaction.
We have observed that even the most ecient method, the maximum likelihood es-
timate, can reach the minimum variance bound only for a large number of signal events.
More importantly, the maximum likelihood method (MLE) needs as an input the exact
form of the t function, which is not available due to our currently poor knowledge of the
neutrino spectra. Instead, we explore some parameter-free methods that only use the data
and exploit the symmetries inherent in the physical situation, and therefore give a model
independent estimation of the pointing accuracy while sacricing some information from
the data. We nd that a method that uses the \orientation matrix" with an appropriate
angular cut (OMc) is almost as ecient as the MLE.
One may add gadolinium to Super-Kamiokande in order to tag neutrons and therefore
reduce the background due to inverse beta decay events. With a simulation of a water
Cherenkov detector like Super-Kamiokande, we determine the pointing accuracy obtained
from a SN at 10 kpc. The accuracy has a weak dependence on the neutrino mixing scenarios
and the initial neutrino spectra. The OMc method gives the pointing accuracy of 7:5
at 95% C.L. without neutron tagging, which improves to 3:2 at 95% tagging eciency.
Beyond this, the pointing accuracy saturates due to the presence of the oxygen events and
the limited angular resolution of the detector.
The SN shock wave may produce a TeV neutrino burst that arrives at the Earth within
a day of the initial MeV neutrino signal. This can give about 100 events with E>1T e V
at a km2 detector like IceCube. Since the angular resolution of this detector is as good as
1, the SN may be located to an accuracy of a few tenths of a degree.
When neutrinos coming from a core-collapse supernova pass through the Earth before
arriving at the detector, the spectra may get modied due to the Earth matter eects.
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The presence or absence of these eects can distinguish between dierent neutrino mixing
scenarios. We have seen that these Earth matter eects on supernova neutrinos can be
identied at a single detector through peaks in the Fourier transform of their \inverse
energy" spectrum.
We have performed an analytical study of the positions and the strengths of these
frequencies for dierent neutrino trajectories through the Earth. In the case that the SN
neutrinos only traverse the mantle a single peak shows up in the power spectrum, whereas
they travel through both the mantle and the core as many as three distinct frequencies can
be clearly observed in the inverse energy spectrum, what leads to an easier identication
of the Earth matter eects.
In order to illustrate the qualitative features of the present analysis we have considered
the power spectrum resulting from averaging 1000 SN simulations for dierent SN models
and dierent detector capabilities. In particular we have assumed a 32 kton scintillation
detector and a megaton water Cherenkov detector. We have shown how the energy resolu-
tion turns out to be crucial in detecting the modulation introduced in the neutrino spectra
by the Earth matter eects. We have observed that the strength of the peaks is larger
in those SN models with bigger dierences between  e and   spectra. However, their
position is model independent. Therefore their identication serves as a clear signature of
the Earth matter eects on SN neutrinos, which in turn can help to discard the neutrino
mass scheme with inverted mass hierarchy and sin2 13 >  10−3.
We have introduced a simple algorithm to identify the peaks in the presence of back-
ground ﬂuctuations, based on the integration of the area around the expected position of
the peak. By comparing the area distribution without and with the spectral modulations
induced by the Earth matter eects we have analyzed the statistical signicance of the
result. As expected the presence of the core as well as a larger dierence in the initial
spectra enhance the probability of identifying the Earth eects.
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